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Let w(m,n) be the van der Waerden number in two colors. It is
shown that w(m,n) is at least c( nlogn )
m−1 for ﬁxed m, where c =
c(m) is a positive constant.
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1. Introduction
Let m and n be positive integers. Deﬁne the van der Waerden number w(m,n) to be the smallest
integer N such that if [N] = {1,2, . . . ,N} are colored by red and blue, there is a red m-AP (arithmetic
progression of m distinct terms) or a blue n-AP.
It is easy to see that w(1,n) = n, and for n  2, w(2,n) = 2n if n is odd and 2n − 1 otherwise.
However, it is hard to prove the existence of w(m,n) for ﬁxed m  3 or m = n; see van der Waer-
den [12,13] and Graham, Rothschild and Spencer [8]. As usual, an existence proof often gives an upper
bound. A recent result of Gowers [6] is
w(n,n) 222
22
n+9
.
Although this upper bound is rather large, it greatly improved much larger bounds resulting from
van der Waerden’s proof (see [8] for a description) and the work of Shelah [9]. Szabó [11] proved
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lower bounds are very close, but the proofs are completely different. This may suggest that the lower
bounds are much closer to the truth than the known upper bounds.
For the van der Waerden function w(3,n), it is known that
n2−1/ log logn  w(3,n) ncn2 .
The upper bound is due to Bourgain [3], and the lower bound is a special case of that of Brown,
Landman and Robertson [4] who proved that
w(m,n) n
m−1
n1/ log logn
(1)
for ﬁxed m  3 and large n. It is suggested that w(3,n) might be bounded from above by some
polynomial on n (perhaps even a quadratic!); see [4,7]. It would be very interesting to see whether
or not the van der Waerden function w(m,n) behaves similarly to the graph Ramsey function r(m,n).
We will prove the following result.
Theorem 1. Let m 3 be ﬁxed. Then
w(m,n) c
(
n
logn
)m−1
for all large n, where c = c(m) > 0 is a constant.
2. The proof
Brown, Landman and Robertson [4] proved (1) by the Lovász local lemma [5], in which they used
the symmetric form of the lemma by elegantly balancing the probabilities of monochromatic m-AP
and n-AP. For random events A1, A2, . . . , An , deﬁne a graph D , called dependency graph, on vertex
set {1,2, . . . ,n}, in which every event Ai is mutually independent of all A j with {i, j} /∈ E(D), i.e.,
each Ai is independent of any Boolean combination of the {A j: {i, j} ∈ E(D)}. The following is the
general form of the local lemma; see [1,10].
Theorem 2. Let A1, A2, . . . , An be random events. Suppose that there exist real numbers x1, x2, . . . , xn such
that 0< xi < 1 and
Pr(Ai) xi
∏
{i, j}∈E(D)
(1− x j).
Then Pr(
⋂n
i=1 Ai) > 0.
The following form of the local lemma given by Spencer is slightly more convenient for some
applications, in which yi = xi/Pr(Ai).
Corollary 1. Let A1, A2, . . . , An be events. If there exist positive numbers y1, y2, . . . , yn such that
yi Pr(Ai) < 1 and
log yi −
∑
i j∈E(D)
log
(
1− y j Pr(A j)
)
,
then Pr(
⋂
Ai) > 0.
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each integer is colored red with probability p and blue with probability q = 1− p, where the proba-
bility p will be determined.
For each S of m-AP of [N], let AS signify the event that S is monochromatically red. For each T of
n-AP of [N], let BT signify the event that T is monochromatically blue. Then
Pr(AS) = pm, Pr(BT ) = qn.
We thus separate the involved events into two types, type A and type B . To use Corollary 1, we
shall ﬁnd y1, y2, . . . that consist of only two distinct numbers: one type yi for A-events and the
other type yi for B-events. Let x ∈ [N] be ﬁxed. The number of m-APs in [N] that contain x is at
most mN/(m − 1), since there are m positions that x may occupy and the common difference of
an m-AP cannot exceed N/(m − 1). Similarly, the number of n-APs in [N] that contain x is at most
nN/(n − 1). Obviously, two events are dependent if and only if they have some integer in common.
Hence, each A event is mutually independent of all but at most m2N/(m − 1) other A events and
mutually independent of all but at most mnN/(n − 1) of the B events; each B event is mutually
independent of all but at most mnN/(m − 1) of the A events and mutually independent of all but at
most n2N/(n − 1) other B events.
We will prove that the hypotheses of Corollary 1 are satisﬁed. To do this, we will show the exis-
tence of positive a and b such that apm < 1 and bqn < 1, and the following inequalities hold:
loga− m
2N
m − 1 log
(
1− apm)− mnN
n − 1 log
(
1− bqn), (2)
logb− mnN
m − 1 log
(
1− apm)− n2N
n − 1 log
(
1− bqn). (3)
We shall take yi = a for each A event, and yi = b for each B event. By Corollary 1, if such a and b
are available, then there exists a red/blue coloring of [N] in which there is neither red m-AP nor blue
n-AP; in other words w(m,n) > N . To this end, let c = c(m) > 0 be an arbitrary constant with
c <
(
m − 1
m2
)m
. (4)
We shall choose N, p,b and a in order by
N = c
(
n
logn
)m−1
,
p = m log(nN)
(m − 1)n ,
b = 1
nNqn
, a = bm/n.
It is easy to verify that (1− p)n ∼ e−np as n → ∞ and
b = 1
nN(1− p)n ∼
enp
nN
= (nN)
m/(m−1)
nN
= (nN)1/(m−1).
Thus from the fact that log(nN) ∼m logn we have
logb ∼ log(nN) ∼ m logn.
m − 1 m − 1
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ically equal to nNbqn = 1. Note that a → 1, apm → 0 and p ∼m2 logn/((m − 1)n), and the ﬁrst term
in the right-hand side of (3) is asymptotically
m
m − 1nNap
m ∼ cm
m − 1
nm
(logn)m−1
(
m2 logn
(m − 1)n
)m
= cm
2m+1
(m − 1)m+1 logn.
Therefore (3) is satisﬁed for large n if
m
m − 1 >
cm2m+1
(m − 1)m+1 ,
which is valid from the equivalence to (4). We then verify inequality (2), which should hold as the
proportion of the right-hand sides in (2) and (3) is m/n and we have chosen a = bm/n . In details, the
second term in the right-hand side of (2) is asymptotically
mNbqn = m
n
= o
(
logn
n
)
,
and the ﬁrst term in that side is asymptotically
m2
m − 1Nap
m ∼ cm
2
m − 1
(
n
logn
)m−1( m2 logn
(m − 1)n
)m
= c
(
m2
m − 1
)m+1 logn
n
.
The left-hand side of (2) is
loga = m
n
logb ∼ m
2
m − 1
logn
n
.
So (2) is satisﬁed if
m2
m − 1 > c
(
m2
m − 1
)m+1
,
which is equivalent to (4) also. Therefore we have obtained that
w(m,n) c
(
n
logn
)m−1
for all large n. 
We conclude this note with a problem: prove or disprove that
w(m,n) cnm−1
for ﬁxed m.
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